Abstract: Let Γ(M) be the set of all global continuous cross sections of a continuous family M of compact complex manifolds on a compact Hausdor space X. In this paper, we introduce a C(X)-manifold structure on Γ(M). Especially, if X is contractible, then Γ(M) is a nite-dimensional C(X)-manifold. Here, C(X) denotes the Banach algebra of all complex-valued continuous functions on X.
Introduction
Precise de nitions will be given in the following sections. However, we believe that there is no di culty in reading this section if the reader knows the very basic concepts of complex analytic families and Banach algebras.
An n-dimensional complex manifold is a manifold by biholomorphic mappings between open sets of the nite direct product C n of the complex number eld. On the other hand, when A is a commutative Banach algebra, Lorch [7] Therefore, a manifold modeled on Banach A-modules is easily de ned. We call it an A-manifold. The nite direct product A n is the most simple example of a Banach A-module. So, an n-dimensional A-manifold is de ned.
However, in my opinion, it seems that so many nontrivial examples were not known (including the case of -dimensional manifolds, that is, Riemann surfaces). It seems that only Riemann sphere is already known ( [1] ).
On the other hand, complex analytic families of compact complex manifolds are the subject of deformation theory starting with Kodaira-Spencer [6] . Interesting and relatively simple examples of complex analytic families are found in Kodaira [5] §2.3. Roughly speaking, a complex analytic family is a ber bundle (without structure group) such that each ber has a complex structure depending holomorphically on the corresponding point of the base space. We introduce a concept of compact continuous families of complex manifolds (De nition 1.3). Roughly speaking, a compact continuous family is a compact ber bundle such that each ber has a complex structure depending continuously on the corresponding point of the base space. (There may be a compact continuous family that is not a ber bundle. This problem is interesting in the broader context, but less important in the context of this paper.) The family that restricts the base space of a complex analytic family to a compact subset becomes a compact continuous family (Remark of De nition 1.3). Therefore, there are many examples of compact continuous families.
If X is a compact Hausdor space, then the algebra C(X) of all complex valued continuous functions on X is the most basic example of a commutative Banach algebra (furthermore, a commutative C * -algebra).
The set of all global continuous cross sections of an Hermitian vector bundle on X is a Banach C(X)-module (Example 2.7). In this paper, we see that if the set of all global continuous cross sections of a compact continuous family M on the base space X is denoted by Γ(M), then the structure of a C(X)-manifold modeled on the C(X)-modules of all global continuous cross sections of some Hermitian vector bundles on X is introduced into Γ(M) (Corollary 3.9). Therefore, especially, if X is contractible, then Γ(M) is a nite-dimensional C(X)-manifold (Corollary 3.10). Our main result (Theorem 3.6) is a little generalization of Corollary 3.9. When X is a di erentiable manifold, Kobayashi [4] and Manoharan [8, 9, 10] constructed examples of C ∞ (X; R)-manifolds. The basic idea of our proof is similar to them. However, the spray corresponding to LeviCivita connection (or the canonical connection) of an Hermitian manifold is only di erentiable, and generally not holomorphic. Overcoming this di culty is the technically major part in our proof.
In Sections 1 and 2, we give de nitions of the basic concepts. In Section 3, we state our main result (Theorem 3.6) and a key proposition (Proposition 3.5) for the proof of the main result. In Section 4, we prove the key proposition.
Compact continuous families of complex manifolds
In this and the next sections, we introduce two basic concepts of this paper.
De nition 1.1 (Canonical real coordinate system) :
The mapping that maps a complex vector z = x + √ − y ∈ C n to its real and imaginary pair (x, y) ∈ R n , i.e., is called the canonical real coordinate system. -Hereafter, when we consider an open set of C n to be a C ∞ -manifold, we use the canonical real coordinate system as its local coordinate system. M := (M, X, π, S) is said to be a compact continuous family (of n-dimensional complex manifolds), if it satis es the followings.
De nition 1.2 (Open polydisk
(1) M and X are compact Hausdor spaces. π is a continuous surjection form M to X. For any φ ∈ S, there exists a non-empty open set Xφ of X such that (φ, π|φ) is a homeomorphism from Mφ to D n × Xφ.
For any φ , φ ∈ S and t ∈ Xφ ∩ Xφ , the coordinate transformation
(1) Each ber of a compact continuous family is a compact complex manifold. Because π is a continuous surjection, the assumption that X is compact is actually redundant.
(2) Suppose that (M, B, π) is a complex analytic family of compact complex manifolds. Then, by the usual argument (e.g., immediately after [5] De nition 2.8), we see that for any non-empty compact subset X of B, π − (X) is a compact continuous family. We also note that a complex analytic family is a ber bundle without structure group ([5] Theorem 2.5). -Unlike complex analytic families, it seems that continuous families are not readily available in the literature. Therefore, we have to con rm basic facts of compact continuous families on our own.
De nition 1.4 (Local trivialization coordinate neighborhood) :
When M := (M, X, π, S) is a compact continuous family, M is called the total space, X is called the base space, π is called the projection and S is called the system of local trivialization coordinate neighborhoods.
Since the total space of a compact continuous family is compact, the system of local trivialization coordinate neighborhoods can be assumed to be a nite set.
De nition 1.5 (Finite continuous family) :
A compact continuous family whose system of local trivialization coordinate neighborhoods is a nite set is called a nite continuous family.
In order to show the existence of a suitable system of bump functions in our structure, we de ne the following.
De nition 1.6 (Compact coordinate neighborhood) :
Let (M, X, π, S) be a nite continuous family. Then, ( { (M φ , X φ ) } φ∈S , r ) is said to be a system of compact coordinate neighborhoods of M, if it satis es the followings.
(
holds.
(4) M = ∪ φ∈S M φ holds. Remark : In the above de nition, neither M φ ≠ ∅ nor X φ ≠ ∅ is required.
De nition 1.7 (Bump system) :
Let (M, X, π, S) be a nite continuous family. Then, ( { (ρφ , M φ , X φ ) } φ∈S , r ) is said to be a bump system of M, if it satis es the followings.
(1) ( { (M φ , X φ ) } φ∈S , r ) is a system of compact coordinate neighborhoods of M.
(2) ρφ is a continuous function from M to [ , +∞) and
is C ∞ -class with respect to the variable (x, y) ∈ D n (⊂ R n ). For any multi-indexes α and β, the function 
Then, 
holds. Now, we set
hold. Now, since X is normal, for φ ∈ S, there exists a non-negative continuous function ρ ,φ on X such that
holds. Now, we de ne a non-negative function ρφ on M as
Here, φ (k) is the k-th component of φ. Now, because of
ρφ is a continuous function such that
De nition 1.9 (Continuous family with bumps) :
is said to be a continuous family with bumps, if (M, X, π, S) is a nite continuous family and ({ (ρφ , M φ , X φ ) } φ∈S , r ) is a bump system of M.
Hereafter, the continuous family M (= (M, X, π, S, { (ρφ , M φ , X φ ) } φ∈S , r )) with bumps is xed.
De nition 1.10 (Real tangent bundle) :
Let N be an n-dimensional complex manifold. Then, for q ∈ N, its real tangent space (T R )q(N) is a complex linear space by the almost complex structure of N. That is, when z = x + √ − y is a holomorphic local coordinate system of N, set
In addition, set
T R (N) is a holomorphic vector bundle on N.
Remark : The real tangent bundle T R (N) is holomorphically isomorphic to the holomorphic tangent bundle T (N) by
Let T be a topological space. Let U be an open set of C n ×T. Suppose that f is a complex valued continuous function on U and for any t ∈ T, the map z → f (z, t) is holomorphic. Then, for any multi-index γ,
Proof : From the induction, it su ces to show it in the case of |γ| = . Furthermore, when |γ| = holds, even if we assume n = , we do not lose generality. Let n = .
Let (w, s) ∈ U and ε > . Then, there exist r > and an open set T of T such that s ∈ T and
and an open set Tτ of T such that s ∈ Tτ and
hold. There exists a nite subset
holds.
Notation : For p ∈ M, we introduce the notation
That is, Fp denotes the ber through p. De nition 1.12 (Trivial Hermitian metric) : Let φ ∈ S. For p ∈ Mφ, de ne a complex inner product on (T R )p (Fp) as
Here, D (φ| π(p) ) is the di erential of the holomorphic local coordinate system For t ∈ Xφ, by the complex inner products, the complex manifold
is a Hermitian manifold that is isomorphic to D n . In addition, the topological space
is a continuous Hermitian vector bundle on the topological space Mφ. -De nition 1.13 (Hermitian real tangent bundle) :
For p ∈ M, de ne a complex inner product on (T R )p (Fp) as
Also, · p denotes the norm by this complex inner product. That is, let
For t ∈ X, by the complex inner products, the ber π − ({t}) of the continuous family M is a Hermitian manifold. In addition, the topological space
is a continuous Hermitian vector bundle on the total space M of the continuous family. The projection
hold. ϖ(ṗ) is called the base point of a real tangent vectorṗ. Remark : In the de nition of T R (M), Lemma 1.11 was used. That is, according to Lemma 1.11, for any local trivialization coordinate systems ψ and ψ of M that are compatible with each other, the local trivialization coordinate system of T R (M) determined by ψ and the one determined by ψ are compatible with each other. -Lemma 1.14 : Let φ ∈ S. Let K be a compact subset of Mφ. Then, there exist an open set U of Mφ and C > such that the followings hold.
hold. Proof : Both the Hermitian metrics are continuous. So, it follows. De nition 1.15 (Distance on a ber) :
with the start point p and the end point q } ∪ { } ).
Remark : Re ( z, w C n ) = z, w R n and especially, z C n = z R n hold. Therefore, the norm de ned by a complex inner product is the norm de ned by a real one. -Lemma 1.16 :
Let φ ∈ S. Let N be an open set of Mφ. Let K be a compact subset of N. Then, there exist an open set U of N, δ > and C > such that the followings hold.
Proof : From Lemma 1.14, there exist an open set U of Mφ and C > such that the followings hold.
holds. Now, we set δ := min({δp} p∈L ∪ { }),
H is an open set of D n . Further, we set 
sm ∈ ( , ] holds. However, because of
hold. (
holds. (This remark is not used.) Proof : From Lemma 1.14, there exist an open set U of Mφ and C > such that the followings hold.
hold. There exists a nite subset L of K such that
De nition 1.17 (Continuous section) :
Let T be a non-empty subset of X. A continuous map u from T to M is said to be a continuous section of M on T, if for any t ∈ T, π(u(t)) = t holds. The set of all continuous sections of M on T is denoted by Γ(M|T). -De nition 1.18 (Distance between continuous sections) :
Let T be a non-empty subset of X.
Manifolds on commutative Banach algebras

De nition 2.1 (Commutative algebra) :
A is said to be a commutative algebra, if A is a commutative ring with the multiplicative unit A (≠ A ), it is a complex linear space and it satis es
Remark : When A is a commutative algebra, C ⊂ A holds.
-
De nition 2.2 (Commutative Banach algebra) :
A is said to be a commutative Banach algebra, if A is a commutative algebra, it is a complex Banach space and it satis es
Example 2.3 :
Let T be a non-empty topological space. Let C b (T) be the set of all complex valued bounded continuous functions on T.
Let A be a commutative Banach algebra. X is said to be a Banach A-module, if X is an A-module, it is a complex Banach space and it satis es
Let A be a commutative Banach algebra. Let
The nite direct product A n is a Banach A-module. -Example 2.6 :
Let T be a non-empty topological space. Let X be a complex Banach space. Let C(T; X) be the set of all X-valued continuous functions on T. Let
Let T be a non-empty topological space. Let E be a continuous Hermitian vector bundle on T. Let Γ(E) be the set of all continuous sections of E on T. Let
Let A be a ring. Let X and Y be A-modules. A mapping F : X → Y is said to be A-linear, if it satis es
Let T be a non-empty topological space. Let A be a continuous complex linear map from a complex Banach space X to a complex Banach space Y. IfÃ is de ned as
Let X and Y be real Banach spaces. Let f be a map from an open set U of X to Y.
(1) Let p ∈ U. Let A : X → Y be a continuous real linear map. A is said to be the Fréchet derivative of f at the point p, if for any ε > , there exists δ > such that
(2) f is said to be Fréchet di erentiable (on U), if for any p ∈ U, there exists Fréchet derivative of f at the point p. Let X and Y be complex Banach spaces. Let f be a map from an open set U of X to Y. f is said to be complex di erentiable (on U), if f is Fréchet di erentiable and for any p ∈ U, the Fréchet derivative (Df )p is complex linear.
Remark (Complex power expansion) :
Suppose that f is complex di erentiable. Then, f is complex analytic (that is, there exists the complex power expansion in a neighborhood of each point). In particular, Df is complex di erentiable. Let A be a commutative Banach algebra. Then, M := (M, S) is said to be a complex manifold on the commutative Banach algebra A (or an A-manifold) with the system S of coordinate neighborhoods, if the followings hold.
M is a Hausdor space. S is a set. For any φ ∈ S, there exists a Banach A-module X such that φ is a homeomorphism from an open set of M to an open set of X. For any p ∈ M, there exists φ ∈ S such that p belongs to the domain of φ. For any φ , φ ∈ S, the coordinate transformation
is A-di erentiable. Here, U and U are the domains of φ and φ , respectively. -
The main result
First of all, recall that the continuous family M (= (M, X, π, S, { (ρφ , M φ , X φ ) } φ∈S , r )) with bumps was xed.
De nition 3.1 (Hermitian vector bundle induced by a continuous section) :
Because u is a homeomorphism from T to u(T), u * (T R (M)) is a continuous Hermitian vector bundle on the topological space T. -De nition 3.2 (Norm of a bounded continuous section) :
Let T be a non-empty subset of X. Let u ∈ Γ(M|T). Then, the norm of a bounded continuous section of
De nition 3.3 (Holomorphic normal coordinate neighborhood) :
Let T be a non-empty subset of X. Let u ∈ Γ(M|T). Then, (U, Ψ) is said to be a holomorphic normal coordinate neighborhood of u, if it satis es the followings.
(1) U is an open set of π − (T). For any t ∈ T,
Ψ is a homeomorphism from U to ∪ p∈ u(T) Bp(T R ). For any t ∈ T, Ψ| t := Ψ Ut is a biholomorphic map from
(π − ({t}))) < +∞ holds.
(4) For any r ∈ [ , ) and ε > , there exists δ > such that for any t ∈ T, p ∈ U t and q ∈ π − ({t}),
holds. -De nition 3.4 (Coordinate neighborhood of the set of all continuous sections de ned by a holomorphic normal coordinate neighborhood) :
Let T be a non-empty subset of X. Let u ∈ Γ(M|T). Let (U, Ψ) to be a holomorphic normal coordinate neighborhood of u. Then, let
The next proposition is the technical main result of this paper. This proof is given in the next section. On the other hand, the main result of this paper is as follows.
Theorem 3.6 (Main result) :
Let T be a non-empty normal subset of X. Then, the metric space Γ(M|T) becomes a C b (T)-manifold according to all coordinate neighborhoods of Γ(M|T) de ned by holomorphic normal coordinate neighborhoods.
For the proof of this theorem, Proposition 3.5 and the following lemma are used.
Lemma 3.7 :
Let ε > . Let X and Y be n-dimensional complex inner product spaces. Let f be a holomorphic map from
holds.
Proof : Taking an orthonormal basis of X and Y, respectively, we consider that X = Y = C n holds. z X = z C n and w Y = w C n holds. f k denotes the k-th component of f . {e k } n k= denotes the canonical Z-basis of Z n , that is, {e k } n k= is the identity matrix of the order n. Now, as z ∈ C n and z C n ≤ ε hold, |
Proof of Theorem 3.6 :
Let (U, Ψ) be a holomorphic normal coordinate neighborhood of u. Then, we show 
Bu → Γ(M|T) is de ned as (Ψ − (u)) (t) := Ψ − (u(t)) (u ∈Bu , t ∈ T ).
Then, we showΨ − (Bu) ⊂Ũ.
Letu ∈Bu.u : T → ∪ p∈ u(T) Bp(T R ) and Ψ
hold.
• : We show thatΨ − is Lipschitz continuous.
Letu ,u ∈Bu. Then, for any s ∈ [ , ],
(π − ({t}))) ) u −u u holds.
• : We show thatΨ is continuous.
Let v ∈Ũ and ε > . Then, there exists r ∈ [ , ) such that for any t ∈ T,
hold. Therefore, there exists δ > such that for any t ∈ T and q ∈ π − ({t}),
holds. Let w ∈Ũ and d T (w, v) < δ. Then, because of d t (w(t), v(t)) < δ, Ψ(w(t)) − Ψ(v(t)) u(t) < ε
holds. So, Ψ (w) −Ψ(v) u ≤ ε < ε holds.
• : We show thatŨ is an open set of Γ(M|T).
Let v ∈Ũ. Then, there exists r ∈ [ , ) such that for any t ∈ T, v(t) ∈ U t , Ψ(v(t)) u(t) ≤ r
hold. Thus, there exists ε > such that for any t ∈ T and q ∈ π − ({t}),
holds. Let w ∈ Γ(M|T) and d T (w, v) < ε. Then, because of d t (w(t), v(t)) < ε, w(t) ∈ U t , Ψ(w(t)) − Ψ(v(t)) u(t) < − r
hold. Therefore, furthermore,
Ψ(w(t)) u(t) ≤ Ψ(w(t)) − Ψ(v(t)) u(t) + Ψ(v(t)) u(t)
< − r + r = + r holds, while +r ∈ [ , ) holds. Hence, w ∈Ũ holds.
• :Bu is an open set of Γ b (u * (T R (M))). On the other hand, from Ψ(u(t)) = u(t)
, we obtain u ∈Ũ.
Therefore, by Proposition 3.5, Γ(M|T) is a topological manifold according to all coordinate neighborhoods de ned by holomorphic normal coordinate neighborhoods.
• : We show that each coordinate transformation is C b (T)-di erentiable (i.e., it is Fréchet di erentiable and its Fréchet derivatives are C b (T)-linear). Let (U, Ψ) be a holomorphic normal coordinate neighborhood of u. Let (V , Φ) be a holomorphic normal coordinate neighborhood of v. Letu ∈Ψ(Ũ ∩Ṽ). Then, there exists ε > such that for anyḣ ∈ Γ b (u * (T R (M))),
holds. Also, because T is normal, if ṗ u(t) < ε holds, then there existsḣ ∈ Γ b (u * (T R (M))) such that
hold. (For this, since we can take a local trivialization coordinate system of the vector bundle u * (T R (M)) and make the Schmidt orthogonalization on the canonical basis at each t to obtain an isomorphism to the product bundle of the complex inner product space, it is only necessary to paste the constant section throughṗ and the zero section by a partition of unity.) Hence,
holds. So, by Lemma 3.7,
holds and also,
holds. Now, forḣ ∈ Γ b (u * (T R (M))) and t ∈ T, we de ne
Then, (Ã(ḣ))(t) ∈ (T R ) v(t) (π − ({t})) holds. Furthermore, in virtue of Lemma 1.11, the section
is continuous. (This is because taking a respective local trivialization coordinate system of the vector bundle u * (T R (M)) and v * (T R (M)) and displaying the mapṗ → (Φ•Ψ − )(ṗ) in the local coordinates to be holomorphic on each ber and to be continuous, so that the mapṗ
). However, from ( . ),Ã is the Fréchet derivative ofΦ •Ψ − at the pointu. 
That is, there exists {u k } n k= such thatu k ∈ Γ(u * (T R (M))) holds and for any t ∈ T, {u k (t)} n k= is a basis of (T R ) u(t) (π − ({t})). We denote the Schmidt orthogonalization on {u k (t)} n k= at each t ∈ T by {ė k (t)} n k= . Then, e k ∈ Γ b (u * (T R (M))) holds and for any t ∈ T, {ė k (t)} n k= is an orthonormal basis of (T R ) u(t) (π − ({t})). We Remark (Serre-Swan theorem) : By making a continuous complex vector bundle M on X correspond to the module Γ(M) of all continuous sections of M on X, the category of continuous complex vector bundles on X is equivalent to the one of nitely generated projective C (X)-modules ([2, 11, 13, 14] ).
Remark (Manifold on the real commutative algebra C ∞ (X; R)) :
Let M → X be a di erentiable family of di erentiable manifolds. The set of all di erentiable sections of M on X becomes a C ∞ (X; R)-manifold ( [4, 8, 9, 10] ). However, C ∞ (X; R) is not a real Banach space, but it is a real Fréchet space. -Remark : We did a little study on A-manifolds and C n -holomorphic functions ( [15, 16] ). -Corollary 3.9 :
Suppose X ≠ ∅. Then, the set of all continuous sections of M on X is a C(X)-manifold. Proof : It follows from Theorem 3.6. Corollary 3.10 :
Suppose that X is contractible. Then, the set of all continuous sections of M on X is an n-dimensional C(X)-manifold. Proof : It follows from Corollary 3.8.
Holomorphic linear connections
In this section, we prove Proposition 3.5. That is, we have to show the existence of a holomorphic normal coordinate neighborhood. For that, we use sprays. However, the global spray corresponding to Levi-Civita connection may not be holomorphic. For each section, we construct a holomorphic spray on its neighborhood as the one corresponding to a convex combination of trivial connections.
De nition 4.1 (Holomorphic linear spray) :
Let Z be a real C ∞ -vector eld on the real tangent bundle T R (N) of an n-dimensional complex manifold N. Then, Z is said to be a holomorphic linear spray on N, if for any holomorphic local coordinate system z = (z , z , · · · , zn) of N, there exists a family {Γ k i,j } i,j,k ∈ { , ,··· ,n} of holomorphic functions on the coordinate neighborhood of z such that
holds and any integral curve { (ż(s), z(s)) } s ∈ (−ε,+ε) of the vector eld Z satis es the ordinal di erential equation
Again, recall that a continuous family M (= (M, X, π, S, { (ρφ , M φ , X φ ) } φ∈S , r )) with bumps was xed.
De nition 4.2 (Trivial spray) :
Nφ is an open set of π − (X φ ). Further, let t ∈ X. Let
is an open set of the n-dimensional complex manifold π − ({t}).
(2) Let φ ∈ S and t ∈ X. A real C ∞ -vector eld Y φ,t on the real tangent bundle T R (N φ,t ) is determined to satisfy the following. With respect to the holomorphic coordinate system p ∈ N φ,t → z = φ(p) ∈ C n of N φ,t , any integral curve (ż, z) of Y φ,t satis es the ordinary di erential equation
(1) The trivial spray Y φ,t is a holomorphic linear one on N φ,t .
(2) Let ψ ∈ S. With respect to the holomorphic local coordinate system p ∈ N ψ,t ∩ N φ,t → z = ψ(p) ∈ C n of N φ,t , any integral curve (ż, z) of the trivial spray Y φ,t satis es the ordinary di erential equation
provided that φ| t (i) is the i-th component of φ| t , ψ| t (j) is the j-th component of ψ| t and
Proof : Simple calculation. 
is continuous. Proof: According to Lemma 1.11.
De nition 4.5 (Weighting space) :
Let R be a non-empty subset of S. Let
W R is called the weighting space of R and an element of W R is called a weighting of R.
De nition 4.6 (Spray determined by a weighting) :
(1) Let R be a non-empty subset of S. Let
is an open set of the n-dimensional complex manifold π − ({t}). Let
De nition 4.8 (Coordinate display of the exponential map) :
Let ψ ∈ R ⊂ S. Then, the set of all (ż, z, t, c)
hold is denoted by I R,ψ . Also, a map 
Then, for any ε > , there exists an open set V of U such that it satis es the followings.
(1) (x , λ ) ∈ V holds. 
Proof : Proofs of this type of lemma are often done by showing that the solutions can be extended using Gronwall inequalities, but here we see that the principle of contraction mappings works directly on an appropriate integral equation.
hold. Further, det(A(s)) ≠ and
, there exist δs > and an open set Λs of Λ such that λ ∈ Λs and
holds. Now, we set δ := min s∈L δs ,
, there exist δ s > and an open set Λ s of Λ such that λ ∈ Λ s and
We setX
X is a non-empty complete metric space. Let (x, λ) ∈ V. Then, from ( . ), for any v ∈X and s ∈ [ , ], (u (s) + A(s)v(s), λ) ∈ U holds. Now, for v ∈X and s ∈ [ , ], we set
We show that F is a contraction mapping ofX.
and τ ∈ [ , ] hold and we set
hold. F is a contraction mapping ofX. There exists v ∈X such that
holds. We set u := u + Av. Suppose that a map w :
Then, for any s ∈ [ , ], the map
We denote the Fréchet derivative of w for the variable (x, y) ∈ V at a point (s, x , y ) by A(s). That is, we set
On the other hand, since f is holomorphic, (D (x,y) f )(w(s, x , y )) is complex linear. Therefore, for any c ∈ C and (p, q) ∈ C m = R m , both c ((A(s))(p, q)) and (A(s)) (c(p, q)) are the solutions of the initial value problem (1)
(2) There exists a continuous map g : V → R m such that it satis es the followings. For any (y, λ) ∈ V ,
Proof : This is the same as proofs of usual inverse function theorems. Just to be sure, we con rm it. When Θ = ∅ holds, it is trivial. Let Θ ≠ ∅ and ε > . We set
< ε < min{ε, } holds. For λ ∈ Θ, there exist δ λ > and an open set Λ λ of Λ such that λ ∈ Λ λ and
Λ is an open set of Λ. Now, we set δ := min λ∈L δ λ ,
hold. Also, we set
As (x, y, λ) ∈ E and s ∈ [ , ] hold, (sx, λ) ∈ E and
holds. As (x, y, λ) ∈ E , (x , y, λ) ∈ E and s ∈ [ , ] hold and we set c(s
X is a non-empty complete metric space. For any ∈X and (y, λ) ∈ E , ( (y, λ), y, λ) ∈ E holds. Now, for ∈X and (y, λ) ∈ E , we set (F( ))(y, λ) := h( (y, λ), y, λ).
As ∈X holds, because of F( ) ∈ C(E ; R m ), from ( . ), F( ) ∈X holds. Further, as ∈X and ∈X hold,
F is a contraction mapping ofX. Therefore, there exists ∈X such that = F( )
hold. On the other hand, as (x, λ) ∈ U holds, because there exists y ∈ R m such that (y, λ) ∈ V and x = g(y, λ)
holds. Therefore, homeomorphically the map (x, λ) → (f (x, λ), λ) maps U to V . Also, from ( . ), for any (y, λ) ∈ V , g(y, λ) R m = (y, λ) R m = (F( ))(y, λ) R m = h( (y, λ), y, λ) R m ≤ ε δ + y − f ( , λ) R m < ε δ + ( − ε )δ = δ holds. Therefore,
holds. Conversely, if (x, λ) ∈ G and (f (x, λ), λ) ∈ V hold, then
Proof : Since S is a nite set, it follows from Lemma 1.14. • : For t ∈ T, we de ne R t := { φ ∈ S | t ∈ supp(χφ) }. • : For p ∈ M, we de ne
Forṗ ∈ ∪ p∈u(T) B p (T R ), we de ne exp(ṗ) ∈ π − (T) as follows.
Letṗ ∈ ∪ p∈u(T) B p (T R ). Then, there uniquely exists t ∈ T such thatṗ ∈ B u(t) (T R ) holds. U is a subset of π − (T). exp is a map whose domain is ∪ p∈u(T) B p (T R ) and whose range is U.
• : For t ∈ T, we de ne 
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